We study the optical properties of gapped graphene in presence of a magnetic field. We consider a model based on the Dirac equation, with a gap introduced via a mass term, for which analytical expressions for the diagonal and Hall optical conductivities can be derived. We discuss the effect of the mass term on electron-hole symmetry and π-π * symmetry and its implications for the optical Hall conductivity. We compare these results with those obtained using a tight-binding model, in which the mass is modeled via a staggered potential and a magnetic field is included via a Peierls substitution. Considering antidot lattices as the source of the mass term, we focus on the limit where the mass term dominates the cyclotron energy. We find that a large gap quenches the effect of the magnetic field. The role of overlap between neighboring π orbitals is investigated, and we find that the overlap has pronounced consequences for the optical Hall conductivity that are missed in the Dirac model.
I. INTRODUCTION
While already the subject of a Nobel Prize in physics, research in graphene, 1,2 a single two-dimensional sheet of carbon first isolated in 2004, 3 seems to show no signs of slowing down. Initial studies have focused on the unique electronic properties of pristine graphene, 4 such as, e.g., its extreme electron mobility, 5 and a remarkably large cyclotron gap, which has led to integral quantum Hall measurements at room temperature. 6 This feature of graphene arises due to its linear band structure near the Fermi energy, which leads to an unconventional halfinteger quantum Hall effect due to the existence of a Landau level at zero energy. [7] [8] [9] [10] The field has recently matured to a point where a large part of the focus has shifted to the possible applications of graphene, in fields as diverse as transistors, 11 solar cells, 12 hydrogen storage, 13 and touchscreen devices. 14 This inevitably draws light to one of the serious drawbacks of graphene, namely its semi-metallic nature. Several ways of opening a gap in graphene have been put forth. If graphene is cut in narrow ribbons, so-called graphene nanoribbons, quantum confinement effects will induce a band gap, the size of which depends on the width of the ribbon as well as the intricacies of the ribbon edges. [15] [16] [17] Adsorption on graphene of hydrogen has proven to be a very efficient way of inducing substantial band gaps in graphene, with fully hydrogenated graphene, termed graphane, exhibiting a band gap of several electron volts. 18, 19 We have previously suggested another means of rendering graphene semiconducting, by creating a periodic array of antidots, termed graphene antidot lattices. 20, 21 The source of the antidots may be actual perforations of the graphene sheet as envisioned in the original proposal, or it may be, e.g., patterned hydrogen adsorption. 22 Transistors based on graphene antidot lattice have successfully been fabricated and characterized. 23, 24 Irrespective of the specific mechanism responsible for the band gap, the simplest and most general way of modeling it is through a mass term. Carriers near the Fermi level of graphene can be described via a Hamiltonian that resembles the Dirac Hamiltonian of massless neutrinos, 25 which has led to the term massless Dirac fermions being applied to the low-energy excitations of pristine graphene. Adding a term that acts oppositely on each sublattice is equivalent to adding a mass to these otherwise massless quasiparticles and consequently induces a band gap of twice the magnitude of the mass term. This results in so-called gapped graphene.
While the focus of much research is now on inducing a band gap in graphene, the field remains at a point where the fundamental properties of the gapped structures remain to be investigated. With this in mind, we focus in this paper on investigating the magneto-optical properties of gapped graphene. Previous studies of such properties have considered excitonic effects as the source of the mass term, 26, 27 we have in mind structures such as graphene antidot lattices, for which substantial band gaps can be induced. Focus will thus largely be on the limit in which the mass term dominates or is comparable to the cyclotron energy. While the Dirac equation provides a reasonable approximation of the low-energy structure of graphene, we extend previous studies of magneto-optical properties by comparing with results of tight-binding models. Of particular interest is the effect of including the overlap between neighboring π orbitals, which is of the order s = 0.1 and thus hardly insignificant. It is well-known that the overlap breaks electronhole symmetry in the spectrum of graphene, 4 which is of significant consequence for the magneto-optical properties of gapped graphene. In particular, we demonstrate that the broken symmetry results in a much richer structure of the optical Hall conductivity of gapped graphene. Also, a non-zero optical Hall conductivity is found, even for a chemical potential sitting in the middle of the gap, where the electron-hole symmetry inherent in the other models dictates a vanishing optical Hall conductivity.
The article is organized as follows. In section II we first present the Dirac model, and discuss some intriguing features of the Dirac model related to valley asymmetry before presenting analytical expressions for the optical conductivities. These expressions were first derived in a slightly different manner by Gusynin et al. in Ref. 27 . We then present the tight-binding model, emphasizing the role of overlap between neighboring π orbitals. We generalize previous results regarding the role of overlap in pristine graphene to the case of gapped graphene. In section III we present the results of the different methods. We first focus on the diagonal optical conductivity and then move on the optical Hall conductivity. We compare the three different methods and discuss the effect of the mass term, particularly in the regime where the mass term dominates the cyclotron energy. We illustrate the particular importance of including overlap in the tightbinding model in relation to the optical Hall conductivity. Finally, in IV we summarize our findings.
II. MODELS
We consider gapped graphene, i.e. including a mass term, and include a magnetic field applied perpendicular to the graphene plane, B = Bẑ. We choose the Landau gauge, A = Bxŷ, and assume B > 0 throughout the article. To calculate the optical response, we use the Kubo-Greenwood formula
where the sum is over all states, each described by a complete set of quantum numbers, ν n . Here, E νm,νn = E νm − E νn , while n(E) is the Fermi distribution function, A is the unit cell area, Γ represents a broadening term, and we have normalized with the zero-frequency graphene conductivity σ 0 = e 2 /(4 ). Also, we have introduced Π α νnνm as the α-component of the canonical momentum matrix elements Π νnνm = ν n |Π|ν m , with Π = p + eA. To evaluate the momentum matrix elements we will make use of the commutator relation
. In order to make the comparison with tight-binding results more clear, and to illustrate in detail some of the intriguing properties of the model, we will proceed by deriving analytical results of the optical conductivity of gapped graphene, in a model based on the Dirac equation. This will serve to highlight the differences and similarities between the Dirac and the tight-binding treatment of the problem, and provide us with some analytical expressions with which to compare the tight-binding results. We stress that the analytical expressions for the optical conductivity have already been derived previously by Gusynin et al. in Ref. 27 , although with a slightly different approach than the one we will adopt. We thus repeat some of these results as well as others by Jiang et al. 28 , in order to assist in the comparison with the tight-binding results later. Also, the derivation will serve to clarify the effect of the mass term on the symmetry between electron and hole states, which has significant implications for the optical Hall conductivity.
A. Dirac equation
The low-energy excitations of graphene near the K valley are well described by a Dirac Hamiltonian 25 H K = v F Π · σ + ∆σ z , with σ = (σ x , σ y ) where σ i are Pauli spin matrices. Here, we have included a mass term ∆σ z , which breaks the sublattice symmetry and adds a band gap to graphene of size 2∆. The two inequivalent valleys of graphene are related via time-reversal symmetry and a Hamiltonian valid near the K ′ valley is thus obtained by substituting σ → σ * . In matrix notation, the Hamiltonian thus reads
Here, the upper (lower) sign corresponds to the K (K ′ ) valley, and we have introduced Π ± = v F (p x ±ip y ±ieBx), with v F the Fermi velocity of graphene. The eigenvalues of this Hamiltonian are
where ω c = √ 2v F /l B , with the magnetic length l B = /(eB), and we define sgn(0) = 0. This results suggest that in the presence of a mass term, particle-hole symmetry is no longer retained in each individual valley, where it is broken by the single E 0 = ±∆ eigenstate. 28 In addition to the absence of particle-hole symmetry in the energy spectrum, we find that the general π −π * symmetry between electron-hole pairs of eigenstates is broken, because the mass term breaks sublattice symmetry. Letting A κ nk and B κ nk denote the individual spinor components of the eigenstates, we find that while in the absence of a mass term, the π−π * symmetry relates a given hole state to its corresponding electron state via Ψ
T , the mass term results in a relation instead between states in opposite valleys, Ψ
T . We will see that this has particular consequences for the optical Hall conductivity in gapped graphene.
To evaluate the momentum matrix elements we note that the commutator relation yields
This yields the transition rule |m| = |n| ± 1 for optical transitions |n → |m . We find that the optical conductivity tensor can then be written in the form
where all energies are now in units of the hopping element t, Ω = ω/|t| and γ = Γ/|t|, and we have introduced the relative magnetic flux φ = Ba 2 /Φ 0 , with the magnetic flux quantum Φ 0 = π /e. Also, we define
where
In terms of the relative magnetic flux ǫ κ n = sgn(n) δ 2 + (3π/2)φ|n| ∓ δ n0 δ. Note that the expressions in Eq. (5) only differ for the different valleys if the n = 0 state is involved in the transition.
The expression Eq. (4) for the optical conductivity highlights an interesting feature of gapped graphene. Ordinarily, at zero temperature and chemical potential, π − π * symmetry means that contributions from transitions |−n → |m and |−m → |n exactly cancel in the sum for the off-diagonal optical conductivity.
30 Letting ∆ = 0 we indeed find |a n | 2 = |b n | 2 and thus an exact cancellation of terms in the sum in Eq. (4), even if restricted to just a single valley. However, for ∆ = 0 this equality no longer holds and the lack of π − π * symmetry results in a non-zero optical Hall conductivity within each individual valley, as discussed also in the DC case by Jiang et al. 28 Instead, the modified symmetry induced by the mass term between electron and hole states in opposite valleys means that contributions from transitions |−n → |m in one valley are canceled by transitions |−m → |n in the opposite valley, resulting in the expected σ xy (ω) = 0 at zero temperature and chemical potential, as illustrated in Fig. 1 . It it thus crucial to take into account both valleys, and to treat the asymmetry of the valleys with respect to energy spectrum and eigenstates properly.
In the general case, summing contributions from both valleys, the diagonal optical conductivity can be written
while the optical Hall conductivity reads
where δ = ∆/t and we have defined ǫ 0 = δ. These results are in agreement with those of Gusynin et al. in Ref. 27 , while derived in a different manner. We state them again here for completeness.
B. Tight-binding
Graphene is relatively well described in a nearestneighbor tight-binding (TB) framework, considering only π-electrons. While commonly π-orbitals ϕ(r − R) centered on different sites R are assumed orthogonal, we will consider also the case where the overlap between neighboring orbitals is included via the overlap integral s = 0.1. This turns out to have a significant impact on the off-diagonal term of the optical conductivity tensor. To include the effects of a magnetic field, we use the Peierls substitution, i.e. we adopt a minimum coupling substitution p → p + eA and choose the basis set r|R = e iφ(R,r) ϕ(r − R), where the phase factor is given as a line integral
In this basis, the Hamiltonian matrix elements can then be approximated as
where H 0 denotes the Hamiltonian in absence of a magnetic field. In a coordinate system where the x axis is aligned with carbon bonds, see Fig. 2 , the phase factor becomes
Because of the (x + x ′ ) term, we are forced to choose a unit cell substantially larger than the Wigner-Seitz cell of graphene in order to retain periodicity in the problem. In particular, we use a rectangular unit cell of area L x × L y , with L x = 4Φ 0 /(Ba) and L y = a, where a = 2.46Å is the graphene lattice constant. The unit cell is illustrated in Fig. 2 . Letting N denote the number of atoms in the magnetic unit cell, we have
, illustrating the disadvantage of the tight-binding approach, namely that very large unit cells are required in order to simulate realistically small magnetic field strengths.
Analogously to the case of the Dirac equation, a gap can be introduced in the tight-binding description by adding a staggered potential with opposite sign on each sublattice, i.e. taking diagonal elements R|H|R = ǫ π + (−1) n ∆, with n = 0, 1 for orbitals sitting on the A and B sublattice, respectively. Here, for generality, we have included the on-site energy ǫ π of the π-orbitals.
If we take into account the overlap between neighboring π-orbitals, the problem becomes that of a generalized eigenvalue problem. However, advantage can be taken of the similar form of the HamiltonianĤ and the overlap matrixŜ in the chosen basis if we consider just nearestneighbor coupling terms. In particular, the generalized eigenvalue problem can be written in the form
whereÎ is the identity matrix, the eigenvectors have been separated into components on different sublattices, and we have introduced the nearest-neighbor transfer integral t, evaluated in the absence of a magnetic field. The similar form of the matrices allows us to rewrite the problem as an ordinary eigenvalue problem for either sublattice, and in this way arrive at an equation
relating the eigenvalues E to the eigenvalues E 0 , obtained by ignoring the overlap. This is readily solved to yield the explicit relation
where ξ 0 = E 0 − ǫ π . Here, the sign of the square root should follow the sign of the energy E 0 . We can thus immediately determine the eigenvalues with the overlap included, without solving an additional generalized eigenvalue problem. Furthermore, we use the same eigenvectors, only properly orthonormalized according to the overlap. While using Eq. (13) to calculate the eigenvalues with overlap is exact, this way of determining the eigenvectors constitutes an approximation. However, we have confirmed numerically that this has no discernible effect of the calculated optical conductivities so long as s∆ ≪ t.
In addition to offering a decrease in computation time, the similarities of theĤ andŜ matrices allows us to . The inverse of the overlap matrix can be written
We now disregard terms with s 2 ≪ 1, so that
The form of this matrix makes it evident how the inclusion of overlap effectively results in next-nearest neighbor coupling. In the crystal momentum representation, the momentum operator is proportional to ∇ k H, which for the Hamiltonian above becomes
(16) If we now assume s∆ ≪ t and let ǫ π = 0 this matrix simplifies to
(17) For gapped graphene in the absence of a magnetic field, the second term is proportional to the unit matrix and thus does not contribute to the momentum matrix elements, meaning that the momentum operator is unaltered by the inclusion of overlap in the model, as is the case for ordinary graphene with no mass term.
32 However, in the present case, where a magnetic field is included, such a simplification can no longer be made. Instead, we note that the second term relies on two small effects, that of the overlap and that of the magnetic field. Consequently, we ignore the effect of the magnetic field on the matrix elements ofF in this term, which allows us to disregard the second term entirely, as it no longer contributes to the momentum matrix elements. Effectively, we are thus ignoring non-orthogonality of our basis set and calculating the momentum matrix elements via
In the numerical implementation of the tight-binding model we employ a simple equidistant k-point mesh. Our choice of unit cell results in negligible dispersion along k x , so we only discretize along the k y direction, ensuring that the folded high-symmetry points are included in the discretization. We have verified that including more than a single k x point has no influence on the results for any realistic values of the magnetic field.
III. RESULTS AND DISCUSSION
We now turn to the results for the optical conductivity. Unless otherwise stated, from hereon we will use parameters ǫ π = 0, s = 0.1 and t = −2.2 eV, we include a broadening term Γ = 0.05 eV and fix the temperature at 300 K. Our choice of the value of the hopping term t is motivated by the transition energy of the saddle point resonance in ordinary graphene, which occurs at 2|t| = 4.4 eV. 29, 30 We note that this value of the hopping term results in a Fermi velocity that does not match experimental results. Without introducing interaction terms in the form of excitonic effects, one cannot account both for the location of the saddle point resonance and the proper value of the Fermi velocity. In the end, the exact choice of hopping term does not have a qualitative influence on the results we arrive at.
Because of the inherent problems of the Peierls substitution for the tight binding method, namely the inconvenient scaling of the unit cell with magnetic field, we are limited to quite large magnetic fields. Therefore, most results will be for a substantial magnetic field of 78 T. However, we expect the qualitative features and the conclusions to be valid at more realistic magnetic fields. This claim will be substantiated when we compare the tight binding results to those obtained using the Dirac equation.
A. Diagonal conductivity
We now consider gapped graphene with a mass term ∆ = 0.2 eV. We fix the chemical potential at midgap, µ = 0, and use T = 300 K. In Fig. 3 we show the resulting diagonal optical conductivity calculated using DE and TB with and without overlap. The results from all three methods indicate a very clear absorption edge, in excellent agreement with the DE solution, which predicts the first resonance peak at ω 0 = ∆ 1 + 1 + 2 ω 2 c /∆ 2 . Focusing attention on photon energies below 1.5 eV, we find almost perfect agreement between all three methods, as illustrated in the inset of Fig. 3 . Here, the resonances fall perfectly on the transition energies predicted by the DE model, as indicated by the vertical lines in the inset.
However, a notable feature of the full range of energies is the peak near 2|t| = 4.4 eV, which stems from the van Hove singularity at the M point of graphene. Naturally, such a band structure feature is not reproduced in a DE model. This M -point resonance is unaffected by the addition of a mass term, so long as ∆ ≪ t. We note that the overlap results in a slight blueshift of the resonance peak, so that it occurs at 2|t|/(1 − s 2 ). In Fig. 4 we show the diagonal optical conductivity in the case where the chemical potential sits on top of the lowest Landau level at µ = ∆. The DE model suggest that in this case the lowest resonance, ω 0 , will split into two resonances at ω ± = ∆ 1 + 2 ω 2 c /∆ 2 ± 1 27 . Other than this splitting of the lowest resonance, the results are nearly identical to those obtained with the chemical potential at midgap. The inset in Fig. 4 again shows excellent agreement between all three methods.
In Fig. 5 we illustrate the effect of the mass term on the diagonal conductivity. We show results from the TB model with overlap, and with a value of the mass term increasing from 0.1 eV to 1 eV. We fix the chemical potential at midgap. Considering the eigenenergies obtained using the Dirac equation, E n = ∆( 1 + ( 2 ω 2 c /∆ 2 )|n| ± 1), we expect that the effect of the mass term will be to compress the Landau level spacing, resulting in a nearly continuous spectrum for ∆ ≫ ω c . This trend is evident in the results of Fig. 5 , where we note that the oscillations due to Landau level spacing are almost completely washed out for ∆ = 1 eV. Also shown in the figure is the optical conductivity in the absence of a magnetic field.
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Comparing these to the results with magnetic field, it is clear that for a sufficiently large mass term, ∆ ≫ ω c , the results are nearly identical, indicating that a large mass term completely cancels the effect of the magnetic field on the diagonal optical conductivity. We stress that while the cyclotron energy in this case is so large that a mass term of the order of 1 eV is needed to counter the effect of the magnetic field, more realistic values of the magnetic field strength would of course lower this threshold significantly. In general, we find that even at the very large magnetic field of 78 T used for these calculations, and at chemical potentials well above the value of the mass term, the results for the diagonal conductivity are in excellent agreement between the three methods, so long as photon energies are well below the M -point resonance. We see no reason why such an agreement should break down at lower field strengths, provided that broadening does not smear out the resonances, and we thus argue that the results we obtain will remain qualitatively the same also at more realistic magnetic fields, with resonances simply red-shifted in accordance with the lower cyclotron energy.
B. Hall conductivity
We now turn to the off-diagonal Hall conductivity. Before discussing the optical Hall conductivity, we focus on the DC Hall conductivity σ 0 xy ≡ σ xy (0) as function of the chemical potential. An intriguing consequence of the linear dispersion relation of graphene is the emergence of an unconventional quantum Hall effect, with the DC Hall conductivity quantized according to σ 0 xy = −(4e 2 /h)(n + 1/2), with n a positive integer or zero. This unique feature has its origin in the n = 0 Landau level, the degeneracy of which is half that of the higher Landau levels. 9, 34 This carries over to the case of gapped graphene, if contributions from both valleys are taken into account.
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In Fig. 6 we show the DC Hall conductivity as a function of chemical potential, calculated using the three models. In these calculations, the temperature has been set to 1K and the broadening term Γ has been omitted, in order to properly resolve the quantum Hall plateaus. In panel (a) of the figure, we show the full range of chemical potentials considered. While there is quite good agreement between all three models for low values of the chemical potential, µ 0.5 eV, the breakdown of the Dirac model is apparent at higher chemical potentials, for which the non-linear part of the band structure is probed. This results in discrepancies in the energies of the Landau levels, which is apparent in Fig. 6b . While the TB model without overlap obviously results in a slightly different Landau level structure, the values of the DC Hall conductivity still fall at the same plateaus as predicted by the DE model. The inclusion of overlap alters the results quite significantly, with any but the lowest Hall plateaus falling at non-equidistant values. We stress that these results are of course calculated for a substantial magnetic field, and we expect much better agreement between the three models when the Landau level spacing is smaller. levels is abruptly altered at this point, with the fourfold degeneracy for Landau levels below E = (1 + s)|t| changed to a two-fold degeneracy above this energy, as we have confirmed by inspection of the eigenvalues of both TB models. This results in a new structure of the quantized Hall plateaus, as shown in Fig. 6c , with the reduced degeneracy manifesting as Hall plateaus at values σ 0 xy = (2e 2 /h)n. As they have their origin in the non-linear part of the band structure, these features are of course entirely absent in the DE results.
We now turn to the optical Hall conductivity. As described previously and illustrated in Fig. 1 , the DE model predicts an optical Hall conductivity identically zero at zero temperature and for a chemical potential fixed at midgap, due to the complete cancellation of conjugated transitions in opposite valleys. Below, we will show that this does not hold for the TB model with overlap, but for now we focus on the case where the chemical potential is located at the lowest Landau level, µ = ∆. In this case, the symmetry argument obviously breaks down due to the different Fermi distribution functions of the conjugated transitions, and all three models predict non-zero Hall conductivities.
In Fig. 7 we show the optical Hall conductivity of gapped graphene with a mass term of ∆ = 0.2 eV and the chemical potential at µ = ∆. Common to the results of all three models are the two pronounced resonances, that the DE model predict at ω ± = ∆ 1 + 2 ω 2 c /∆ 2 ± 1 , similar to the lowest resonances of the corresponding diagonal conductivity shown in Fig. 4 . However, contrary to the diagonal conductivity, higher-energy resonances are strongly suppressed in the case of the TB model with overlap, and are entirely absent in the two other models. This can be explained quite straightforwardly by considering the conjugate transitions and the effect of the overlap on the band structure. We illustrate this in the inset of Fig. 7 . Here, the thin, red arrows indicate the transitions contributing to the optical Hall conductivity in the case of the DE model and the TB model without overlap. Because of perfect electron-hole symmetry in both these models (when including both valleys), contributions from all other transitions are canceled by their conjugates, the only transitions contributing being those involving the state at E = ∆. When overlap is included (indicated by thick, blue arrows in the inset), electron- hole symmetry is broken and the conjugate transitions no longer cancel due to a slight difference in their transition energies (dashed arrows in the inset). This results in a much richer structure of the optical Hall conductivity when including overlap, with additional resonances occurring due to transitions between higher-lying Landau levels. However, because the energy difference between electron and hole states induced by the overlap is only of the order s 2 , the strengths of these resonances are reduced significantly compared to those stemming from the E = ∆ Landau level.
In Fig. 8 we illustrate the effect of the mass term on the optical Hall conductivity. We show results of the TB model with overlap, and increase the mass term from ∆ = 0.1 eV to ∆ = 1 eV, while in each case fixing the chemical potential at the energy of the lowest Landau level, µ = ∆. As for the diagonal conductivity, we clearly see that the effect of the magnetic field is strongly reduced when the mass term dominates the cyclotron energy. Thus, whereas at large values of the mass term the diagonal conductivity retains the resonance corresponding to a transition energy of roughly the size of the band gap, this resonance vanishes in the optical Hall conductivity, once the mass term grows sufficiently large. In the inset of Fig. 8 , we show a closer view of the first resonance at E 1 − ∆, and include results of the TB model without overlap. While there are some small discrepancies between the two models in this regime, the overall agreement between the models is quite good. The corresponding results of the DE model are nearly identical to those of the TB model without overlap. We note that the DC Hall conductivity is also decreased as the mass term increases, due to squeezing of the Landau level spacing.
As noted above, an interesting consequence of including overlap in the TB model is that the electron-hole symmetry is broken, and exact cancellation of conjugate transitions at zero chemical potential no longer applies. We therefore expect that the inclusion of overlap in the TB model will result in a non-zero optical Hall conductivity even at vanishing temperatures and the chemical potential fixed midgap. In Fig. 9 we illustrate this, showing the optical Hall conductivity calculated using the TB model with overlap, with a mass term ∆ = 0.2 eV and the chemical potential at midgap. As expected, while the other two methods predict a zero Hall conductivity, the inclusion of overlap breaks the electron-hole symmetry and results in a non-zero optical Hall conductivity. Overlap is thus a crucial ingredient for properly evaluating the optical Hall conductivity of graphene. However, we note that because it stems from the overlap, the magnitude of the Hall conductivity remains significantly lower than the case where the chemical potential sits at the lowest Landau level.
IV. SUMMARY
We have calculated the optical conductivity tensor of gapped graphene in presence of a magnetic field, by employing a Peierls substitution in a nearest-neighbor tightbinding model, both with and without overlap. By generalizing results from ordinary graphene with no magnetic field, we have found a simple relation between energy eigenvalues calculated with and without overlap, allowing us to avoid solving a large generalized eigenvalue problem to account for the overlap. This simplification is valid so long as s∆ ≪ t. We have compared the optical conductivities calculated using the tight-binding model with analytical expressions obtained in a Dirac equation approach. 27 To elucidate the differences between these two approaches we have highlighted the role played by the mass term in redefining the symmetry between electron and hole states in the Dirac model. This results in a non-zero optical Hall conductivity in individual valleys even with a chemical potential fixed in the middle of the mass gap. However, summing contributions from both valleys, the symmetry induced by the mass term between electron and hole states in opposite valleys results in an optical Hall conductivity identically zero. This result carries over to the tight-binding model without overlap, and in general we find excellent agreement between the optical Hall conductivities calculated with these two methods.
Including overlap in the tight-binding model strongly modifies this picture, because the energy spectrum no longer has perfect electron-hole symmetry. We find that this results in a much richer structure of the optical Hall conductivity, while also predicting non-zero optical Hall conductivity even with a chemical potential fixed midgap. We conclude that overlap is a crucial ingredient for a proper, full description of the off-diagonal magnetooptical properties of gapped graphene. While the optical Hall conductivity does show some significant discrepancies between the three models, in general we find that the low-energy transitions are, as expected, very well captured in the simple Dirac model. In particular, the diagonal optical conductivity at transition energies well below the saddle point resonance at 4.4 eV is almost identical between all three models.
Finally, we find that a sufficiently large mass term, much larger than the cyclotron energy, effectively washes out the influence of the magnetic field on the optical properties of gapped graphene.
